The decay rate of the Higgs decay H → Zγ is evaluated at the one-loop level in the SO(5) × U (1) gauge-Higgs unification. Although an infinite number of loops with Kaluza-Klein states contribute to the decay amplitude, there appears the cancellation among the loops, and the decay rate is found to be finite and non-zero. It is found that the decay rate is well approximated by the decay rate in the standard model multiplied by cos 2 θ H , where θ H is the Aharonov-Bohm phase induced by the vacuum expectation value of an extra-dimensional component of the gauge field.
Introduction
The Higgs boson of a mass about 125 GeV has been found at LHC. [1] [2] The signal strength of each decay mode of the Higgs boson has been consistent with the standard model (SM). [3] [4] Though the decay mode H → Zγ has not been observed so far, it is expected to be seen in the Run 2 at LHC. The decay rate Γ(H → Zγ) has been evaluated in the SM, [5] the two Higgs doublet model, [6] the minimal supersymmetric standard model, [6] the universal extra dimension model, [7] and the type-II seesaw model. [8] The gauge-Higgs unification (GHU) is one of the scenarios beyond the SM. [9] [10] [11] [12] [13] [14] [15] [16] [17] In GHU the 4D Higgs boson appears as part of the extra-dimensional component of the gauge potentials. When the extra-dimensional space is not simply connected, it is identified with the 4D fluctuation mode of the Aharonov-Bohm (AB) phase θ H along the extradimensional space. The gauge invariance protects the Higgs boson from acquiring divergent mass corrections. The Higgs boson mass is generated at the quantum level, being finite and independent of the cutoff scales in the theory. Especially the SO(5) × U (1) GHU in the Randall-Sundrum (RS) space-time is phenomenologically successful. [18] [19] [20] [21] [22] The Higgs doublet appears in the SO(5)/SO(4) part of the fifth dimensional component of the vector potentials with the custodial symmetry. The model is consistent with the LHC results for θ H < 0.1. The deviation of the decay rate Γ(H → γγ) from the SM, for instance, is less than 1%, [23] despite the fact that an infinite number of Kaluza-Klein (KK) modes of the W boson and top quark contribute. Z events are expected as the excitation of the first KK modes of γ, Z and the lowest mode of Z R , the neutral SU (2) R gauge boson.
Their masses are almost degenerate, and are estimated to be in the range 4 to 8.5 TeV for θ H = 0.15 ∼ 0.07. [24] There also exists a dark matter candidate in the model, the lowest KK mode of SO(5)-spinor fermion called dark fermions. [25] Its mass is in the range of 2.3 -3.1 TeV and the spin-independent scattering cross section per nucleon is σ N O(10 −44 ) cm 2 . It may be detected in the 300 live days run of the LUX experiment.
In this paper we focus on the decay mode H → Zγ in the SO(5) × U (1) GHU. The decay width of H → Zγ has been evaluated in the SU (3) GHU model on flat M 4 ×(S 1 /Z 2 )
by Maru and Okada. [26] They found that it vanishes at the one loop level, due to the group structure of the SU (3) model. In the SO(5)×U (1) GHU in RS, on the other hand, it is known that the gauge couplings of the SM particles are almost the same as in the SM so that one expects that the process H → Zγ occurs. Furthermore, as in the case of H → γγ, one needs to worry about the contributions coming from an infinite number of KK modes running in the loops. The situation in the case of H → Zγ is more involved than that in the case of H → γγ. In H → γγ, the KK number of virtual particles running the inside loop is conserved. In contrast, in the case of H → Zγ, the KK number of virtual particles may change, as both H and Z have off-diagonal couplings in RS. This gives rise to an interesting question whether or not the sum of all these contributions converges. It seems to require more subtle cancellation mechanism to have a finite result than in the case of H → γγ. We demonstrate in this paper by direct evaluation that miraculous cancellation takes place among KK-number-conserving and KK-number-violating loops. After all, the deviation of the decay width from that in the SM is O(1) %.
The paper is organized as follows. In section 2, the model of the SO(5) × U (1) GHU is explained. In section 3, we review the decay rate of the H → γγ and evaluate the decay rate of the H → Zγ process in the SO(5) × U (1) GHU. In section 4, conclusion and discussions are given. In the appendix, we summarize Z and H couplings of various fields which are necessary in calculating the H → Zγ decay rate.
Model
We consider the SO(5)×U (1) gauge-Higgs unification in the Randall-Sundrum (RS) warped space, [27] whose metric is given by ds 2 = G M N dx M dx N = e −2σ(y) η µν dx µ dx ν + dy 2 , where SO(5)-spinor fermions (dark fermions) Ψ F i , brane fermionsχ αR , and brane scalarΦ. [22, 23] The model has been specified in Refs. [24, 25] . The bulk part of the action is given by
The gauge fixing and ghost terms are denoted as functionals with subscripts gf and gh,
The color SU (3) C gluon fields and their interactions have been suppressed. The SO(5) gauge fields A M are decomposed as
where
and Tâ(â = 1, 2, 3, 4) are the generators of SO (4) SU ( . The dimensionless parameter c, which gives a bulk kink mass, plays an important role in controlling profiles of fermion wave functions.
The orbifold boundary conditions at y 0 = 0 and y 1 = L are given by 
Here the wave function of the 4D Higgs boson is given by u
SU (2) L coupling.
H → Zγ
The Higgs decay processes H → γγ and H → Zγ are absent at the tree level and occur at the one loop level. In the SO(5) × U (1) GHU not only the W boson, quarks and leptons in the SM but also their KK modes and additional gauge bosons and dark fermions contribute to the processes. We show that these corrections are finite and small in the SO(5) × U (1)
GHU, thanks to the cancellation among them.
Γ(H → γγ)
We shortly review the decay process H → γγ in the SO(5) × U (1) GHU model. [23] We follow the notation of Ref. [6] . The decay rate in the SM is given by 1) where N c i is the number of the color degrees of freedom and e i is the electromagnetic charge in units of e. Functions F 1 (τ ) and F 1/2 (τ ) are assigned for gauge bosons and fermions, respectively, and defined by
for τ < 1 .
(3.2)
In the large τ limit F 1/2 → − 4 3 and F 1 → 7.
In the SO(5) × U (1) GHU model, KK numbers are conserved by the electromagnetic interactions. The decay rate in the GHU becomes 
in the case of n F = 4, z L = 10 5 for which θ H = 0.1153.
. Contributions from light quarks and leptons and their KK modes are negligible.
In Fig. 1 , the values of I W (n) , I t (n) and I F (n) by the numerical calculation in the N F = 4
and θ H = 0.1153 case are shown. They approximately behave as
for 50 ≤ n ≤ 200. Note that the sign alternates in n. As the masses of the KK modes of the W boson, top quark and dark fermion are m n n · m KK /2, the sum in each F behaves as (−1) n (ln n) α /n (α = 0, 1, 2) and converges. Moreover the contributions from n ≥ 1 are suppressed by the ratio of the electroweak scale to the KK scale. Hence the ratio of F to the zero-mode contribution becomes
for θ H = 0.114 and n F = 4. The ratio of the amplitude to that with only zero modes is
It is found that the contributions of the KK modes are less than 1% and negligible. 
Gauge boson loops
The decay process H → Zγ is more involved than H → γγ. The KK number need not be conserved at the Z and H vertices, and W 
where k 1 and k 2 are the photon and the Z boson momenta, respectively. The amplitude (3.8) itself is divergent. However, by adding the m ↔ n diagrams and using 
For all C 0 and E ± , the D → 4 limit has been safely taken, so that the amplitude (3.9) is finite. 
To obtain the amplitude quantitatively, the numerical values of the couplings 
case. The red circles and blue squares represent
The value of J W (m) W (n) is tabulated in Table 1 . It is seen that
Next we examine the asymptotic behavior of the amplitude for m, n 1. The whole amplitude of the W boson loop is
The diagonal part of the amplitude in (3.14) for n 1 is rewritten as
where 
The functions
Therefore the large n part of the sum in the whole amplitude of W boson loop is approximated as
Even though the sums
Next we consider the amplitudes which contain W R in the loop. The amplitude
is also defined as Table 2 :
5 case. Only values larger than O(10 −4 ) are shown explicitly with three significant figures. 
As is seen in the Table 2 ,
is appreciable only when m/2 − n = 0, 1. Note that 
is satisfied. Hence the whole amplitude of the W -W R boson loop is
are approximated in this range by
is small, and almost vanishes within numerical errors. 
Fermion loops
Figure 5: The fermion loop processes of H → Zγ decay in the SO(5) × U (1) gauge-Higgs unification. F + is the charged dark fermion which does not have a zero mode. In this form the amplitude is finite. 
In the Table 3 and Table 4 , J t (m) t (n) and J F +(m) F +(n) by the numerical evaluation are shown.
As in the case of J W (n) W (n) , J t (m) t (n) and J F +(m) F +(n) for |m − n| ≥ 2 become negligible for m, n > 100. In addition, the terms proportional toŷ n) and the amplitudes are evaluated as Figure 6 : J t (n) t (n) and J t (n) t (n+1) are plotted for 1 ≤ n ≤ 100 in the N F = 4, z L = 10 5 case. The red circles and blue squares express J t (n) t (n) and J t (n) t (n+1) , respectively. case. The red circles and blue squares express J F +(n) F +(n) and J F +(n) F +(n+1) , respectively.
J t n t n
Adding them, one finds, within numerical errors, that
/n for large n, the sum converges as in the case of the gauge boson loops.
Total amplitude
The ratio of the sum of the all boson contributions to the W boson contribution and that of all the fermion contributions to the top quark contribution are given by 
One finds that the KK mode contributions are negligible. As g HW (0) W (0) g w cos θ H and y t (0) y tSM cos θ H , the decay width is approximated by in the gauge-Higgs unification. We argue that it is guaranteed by the gauge invariance and by the fact that the 4D Higgs field H is the fluctuation mode of the AB phase θ H . In the effective action the 4D Higgs field H(x) and AB phase θ H appear in the combination of 
Conclusion and discussions
In this paper we have evaluated the decay rate Γ(H → Zγ) in the SO ( A Couplings of KK modes to Z and H We summarize the Z and H couplings of the KK modes relevant for H → Zγ.
A.1 Base functions
Mode functions for KK towers of various fields in the RS spacetime are expressed in terms of Bessel functions. For gauge fields we define
For fermions with a bulk mass parameter c we define
They satisfy
In the following we evaluate various couplings by inserting the formulas for the KK expansions. Basic formulas for the KK expansions of gauge fields and quark fields are summarized in Ref. [24] , whereas those for dark fermions are given in Ref. [25] . We adopt 
so that one finds that
Here C W (m) = C(z; λ W (m) ) etc. Numerical values of g ZW (m) W (n) are given in Table 5 . 
The relation g γZW (m) W (n) = −eg ZW (m) W (n) follows from the gauge invariance as well.
A.4 HW
The Higgs coupling
Numerical values of g HW (m) W (n) are given in Table 6 . 
is given by
are given in Table 7 . 
so that
follows from the gauge invariance as well.
A.7 HW
(m)
are given in Table 8 . The HW
for all m, n as a result of the Lie algebra. 
The Z couplings of the top quark tower are found from
The Zt (m) t (n) couplings are found to be .19) for the left-handed component t , one finds that
Therefore the vector and axial vector coupling are written by
Numerical values of g V Zt (m) t (n) are given in Table 9 . Table 9 : 
The Higgs couplings of the top quark tower are contained in
(A.23)
One finds that
We denote
Numerical values of y t (m) t (n) andŷ t (m) t (n) are given in Table 10 and 11, respectively. 
The Z couplings of the dark fermion tower are given by
T and I 3 is a isospin operator. For Table 12 and 13, respectively. 
The Higgs couplings of the dark fermion tower are given by
One can show that g * HF
. We define
In particular
Numerical values of y F (m) F (n) andŷ F (m) F (n) are given in Table 14 and 15, respectively. 
